In this paper we consider the action of a finite group G on the geometric realization ]CP[ of the order complex CP of a poset P, on which a group G acts as a group of poset automorphisms. For special cases we give the G-homotopy type of ]CPr. Moreover, we provide conditions which imply that the orbit space I CPI/G is homotopy equivalent to the geometric realization of the order complex over the orbit poset P/G.
INTRODUCTION
We investigate topological and combinatorial properties of finite partially ordered sets. In particular we consider the proper part A(G) More generally, let P be a finite partially ordered set (poset for short). We associate to P the order complex CP, which is the simplicial complex consisting of all non-empty chains x I < • • • < x n in P. If a group G acts on the poset P as a group of poset automorphisms (i.e., x <_ y ~ x g < yg A(V)°/V) are homotopy equivalent. Finally we investigate in Section 6 some examples of non-abelian finite simple groups. We analyze the groups An, n < 7, M H, Mlz, and PSLz (FT) . If 
EQUIVARIANT HOMOTOPY OF POSETS
In this section we will develop some results in equivariant homotopy theory of posets. Most of the results are equivariant versions of theorems of Bj6rner and Walker [B-W1] and . Some of them can be found in the paper of Thdvenaz and Webb IT-W] . If the proofs are only easy modifications of the original ones we leave them to the reader. If we say that a group acts on a poset P, then we mean that G acts on the set P preserving the order relation (i.e., G acts as a group of poset automorphisms on P). If a group G acts on a set (resp. poset), (resp. topological space) X then we call X a G-set (resp. G-poset), (resp. G-space). Gx-contractible then P and P' are G-homotopy equivalent. By the previous theorems we see that it will become important to prove for a G-poset P that it is G-contractible. The following condition (adapted from [B-Wa] ) gives a criterion which implies that P is G-contractible.
14]. Let P be a G-poset and let P' c P be a subposet which is invariant under the action of G. If P' is G-contractible then P and the quotient space I CP[ / I CP'] are G-homotopy equivalent.

8]. Let P be a G-poset and let P' c_ P be a subposet which is invariant under G. If for all x ~ P -P' the Gx-poset P> ~ is
(C) Let P be a G-poset and let a~P be an element which is invariant under G and satisfies the following two conditions.
(i) For all x ~ P either the infimum a /X x or the supremum a V x exists.
(ii) Let x, y ~ P be elements such that x < y. If the supremum a V x exists but a v y does not then the infimum (a v x)/~ y exists. THEOREM 2.3 3 .2] [We2, Satz 1.1.12]. Let P be a G-poset and let a ~ P be an element of P. If P and the element a fulfill the condition (C) then P is G-contractible.
As a corollary we obtain a result which will be essential for the situation in the subgroup lattice of a finite solvable group. For a poset P with least element 0 and greatest element ] we denote by p0 the proper part P -{0, ]} of P. In particular, since all partially ordered sets in this paper are finite, every lattice occurring in this paper has a least element and a greatest element. COROLLARY 2.4. Let P be a G-lattice and let a ~ P be an element which is invariant under G. Let a ± be the set {x ~ Plx /x a = () and x V a = ]}. Then pO _ a ± is G-contractible.
Proof. Since i) and ] are invariant under G the poset p0 _ a" is a G-poset. Because P is a lattice and by the choice of a ± , condition (C) is fulfilled for p0 _ a ± and the element a. I For a subposet P' c_ P of a G-poset P we will now study the following condition.
(I) P-P' is an antichain which is invariant under G and the subposet P' is G-contractible.
Note that if P is a G-poset and if for a subposet P' the difference P -P' is G-invariant then P' is a G-poset as well. Before we can give results on the G-homotopy type in situation (I) we have to define the action of G on a suitable topological space.
For two topological spaces X, Y we denote by X * Y the join of X and Y [Mu, p. 386] . Note that if X and Y are G-spaces then X*Y is a G-space as well [Di] . If ~ is a two element antichain then [C~I * X is the topological suspension of the space X. We write as usual XX for I CXI * X. If (Xi) i ~ j is a family of topological spaces then we denote by V i ~ jXi the wedge of the spaces X~. Note that in general we have to define a wedgepoint Pi ~ Xi for all i in order to have the wedge V gs]X i well defined.
In the sequel we will describe a construction of topological spaces which will turn out to be important in our particular context. Let P be a G-poset and P' be a subposet which fulfill (I). We choose a new point p ~ P and form antichains ~ = {x, p} for all x e A := P -P'. We define an operation of G on the wedge V x ~ A X~ ]CP < ~ [ * [ CP> ~ { with wedge point p. An element g ~ G fixes the point p and permutes the elements x ~ A of the antichains Nx according to its operation on A. For an x cA and y e P<~ the image yg of y under g is the corresponding element of P in P< x~. Analogously we define the operation for y e P> ~. Now the described action induces an operation of G (as a group of homeomorphisms) on the topological space V x ~ A Xx [CP < ~ [ * I CP> x I. We G write V~AZ~ICP<~[ * ICP>~I for the G-space with the operation specified above.
More abstractly one can construct a G-space (G-set) from an H-space (//-set) if H is a subgroup of G in the following way. Let X be an //-space (resp. H-set). Then X × G can be given the structure of a left H-and a right G-space (resp. -set) by the following definition h(x, g)g' := (x h-~, hgg'). Then the G-action on X × G induces a G-action [Di, (4. 2)] on the orbit space X ×H G = H \ (G X X). Now assume that the H-space X is actually a pointed H-space. More generally assume that there is a fixpoint p ~ X. Then the image {p} ×H G of {p} × G in X ×H G is a G-orbit. Of course if X is an H-set then the G-action on X ×, G corresponds to the permutation representation induced from the permutation representation of H on X to G. PROPOSITION 2.5 [B-Wl] . Let P be a G-poset and let P'c P be a subposet which fulfill (I). This will prove the assertion since taking the various copies of p as the wedge point in the first topological sum and identifying the copies of p to a wedge point in the second topological sum will preserve a G-homeomorphism. We may assume that A is a transitive G-set• In particular n = 1, (II) The G-posets P and P' satisfy (I). We set A ;= P-P'. For every x ~A := P-P' there is a Gx-poset R x which is Gx-homotopy equivalent to P< x U P> x.
But this does not suffice to deduce a suitable G-action on Vx e A X~ I CR~ p, which is the space of concern. Therefore we need the following condition which assures the compatibility of the G~-homotopy equivalences. Below in Remark 2.6 (iii) we will see that (II) and (lid are actually equivalent. But we will continue to use condition (III) for the sake of easy formulations.
(IlI) The G-posets P and P' satisfy (I). There is a G-poset Q and a subposet Q' which fulfill the condition (I). Furthermore the following three conditions hold:
(a) The set Q -Q' is as a G-set isomorphic to the set A ;= P -P' (Therefore in the sequel we can identify A and Q -Q' in a suitable manner). Every x ~ A is maximal in Q and hence Q > ~ = Q for all x ~ A. In condition (Ill) the elements of the poser Q which are not included in some Q < ~ are of no importance. Therefore the following construction (see also Fig. 1 ) will provide the suitable model for our topological context. Assume the situation of condition (III).
A2
FIGURE 1 (i) Let Q' be the disjoint union of the posets Q < x for x ~ A. An element g of the group G acts on Q' by mapping y ~ Q<x to yg ~ Qxg.
(ii) Let A1 and A2 be two copies of the antichain A (regarded as a G-set). For an element x in A i and an element y ~ Q' we define x > y if and only if y ~ Q<,. The elements of A 1 and A 2 are defined to be pairwise incomparable.
(iii) Let a be an element which is not comparable with any element in the antichain A 1 and any element in Q'. Now we add the relation a < x for all x ~ A 2. We define a to be a fixpoint of the action of G. (ii) Let A = E7=IG/H i be a decomposition of the G-set A into coset spaces. Then we obtain the following decomposition of G-sets
n g where we have chosen x i such that H/= G~, and A = U i=l{xi Ig E G}.
(iii) The conditions (II) and (IID are equivalent.
Proof. The first assertion follows immediately from Proposition 2.5.
The second assertion is an immediate consequence of the construction of 
blcl)(bZc2)(d%C)(dCeb).
It is easily seen that both posets P and Q in Fig. 2 have the same G-homotopy type. The following proposition shows that this is actually a general fact. gx. The same construction applies to the homotopy inverses of the maps fx. We leave the verification of the claim that this construction preserves the property of being homotopy inverse to the reader. This completes the proof of the assertion that the two spaces are G-homotopy equivalent. |
We now turn to a more general situation. Provided condition (III) we analyze the reason why the action of G on P and on Q are compatible in our topological sense. Here the following construction of a group operation proves to be useful.
Let G be a group and let E be a G-set. 
The most interesting case for us is when the H/-sets F/ are actually H~-posets. Thus we have to impose an order relation on G × [HI H,] [F1,..., F~]. Let y, y' be two elements of F i. Then we define yg < y'"~i y _< y' (the second order relation taken in the Hi-poset F,). We have to show that this actually defines a partial order (this actually follows from the fact that G ×g " is a functorial construction, but we will verify this easy fact briefly). We may assume n = 1, H=H 1, and F=F v Now assume y < y', x ~ x' are elements of F and there are g~, gy in G such that ygY = X gx and y/gY = X gx. Then gygx l is an element of the stabilizer of y in G. By [Di, (1.14) Exercise 4] we infer that G,, = H,,, which implies gyg2l ~ Hy. Now x = ygygx , x' = y'gYg~ yields x _<x' contradicting the assumptions.
PROPOSITION 2.8. Let P be a G-poset and let P' be a subposet which satisfies (I). We set A := P -P'. Let us assume the following situation:
For every 1 <_ i <_ n let F i be an Hi-set.
(
ii) For x e G/Hi c_ A such that G x = H i the space I CP< ~ I * [CP> x I
is Hi-homotopy equivalent to VffL Fi~,yICQyl. Then P is G-homotopy equivalent to
Proof. For x e A we set R i ::.,~[Qy lye F,]. Now it is routine to show that P and its subposet P' (resp. R and its subposet R' := R -A) satisfy (III) (see also Remark 2.6 (iii)). Hence by Proposition 2.7 the poset P is G-homotopy equivalent to ~/ (G ×H,(~x, ICRil))/(G ×H,{P}) i:l for a suitable choice of the x i ~ G/HI. Now from Remark 2.6 (ii) and the construction of R i we deduce that P is G-homotopy equivalent to
It is a well known fact from algebraic topology that suspension and wedge commute modulo homotopy equivalence (see for example [B-We] Before we apply our results to subgroup lattices we will have a look on the orbit space ICPI/G for a G-poset P. We wish to relate this space to the order complex of the poset P/G.
ORBIT SPACES AND ORBIT POSETS
In this section we wish to discuss the relation between the homotopy type of ICPI/G and the homotopy type of LC(P/G)I. In general the spaces seem to be almost unrelated. The one trivial fact which is true in general is that if CP is an n-dimensional simplicial complex, then L CPI/G (resp. C(P/G)) is an n-dimensional regular CW-complex (resp. simplicial complex). In Fig. 3 Proof By condition (RE) we know the inclusion relation of simplices in CP behaves well under the operation of the group G. Hence the orbits of the simplices in CP provide a suitable triangulation of the orbit space ICPi/G. I Now, although we can verify (RE) for an adequate subposet of the poser of subgroups of a finite solvable group, for subgroup lattices of more general types of groups it is of little use for us. We will apply this criterion to some specific examples, but we have no approach to the general problem. In order to treat the case of solvable groups, we consider a suitable restriction of condition (RE). We return to the situation of condition (I) introduced in the last section.
(RE) I Condition (I) holds for the G-poset P and its subposet P'.
Furthermore the poset ~[P<x u P>x]x ~ P -P'] is a regular G-poset.
Provided condition (I), it is trivial that condition (RE)/ is a consequence of (RE) but not vice versa.
Condition (RE) I has the following sloppy interpretation:
P>x by the action of G on P can be realized by the operation of G x.
We will show in the next section that condition (RE)I and the given interpretation is of group theoretical interest in the case where P = A(G) ° is the proper part of the subgroup lattice of a group G and G X is the normalizer of the subgroup x in an antichain A. Before we can apply condition (RE) 1 we prove the following general lemma.
LEMMA 3.2. Let P and P' satisfy the condition (III) 
Proof. This follows immediately from Lemma 3.2 and a repeated application of Proposition 2.7. |
In the next section we will apply the results of Section 2 and Section 3 to subgroup lattices of finite solvable groups.
SUBGROUP LATTICES OF FINITE SOLVABLE GROUPS
In this section all groups are finite and solvable. We actually would like to verify the conditions (III) and (RE) considered in Section 2 and Section 3 for the G-poset A(G) °. We will see that condition (III) holds, but (RE) fails even for p-groups in simple examples [We2]. Therefore we turn our interest to a subset of A(G) °. (ii) By K(G) we denote the poset {UIU E A(G) and U is a C-sub: group} U {1}.
Obviously if U is a C-subgroup of G then U g is also a C-subgroup. 
2]. Let G be a group. A subgroup H of G is a C-subgroup if and only if there is a set J c I and complements Mj ~'s~(J) of Nj/Nj_ 1 such that H = ['1 j~jMj. The set J is uniquely determined by H.
COROLLARY 4.4. For any maximal chain I < H I< ... < H k = G in ~;(G) there are elements l 1 < •. • < l k of I and maximal subgroups Mt~ ~se(lj) such that tt,. = f3 ~ i j=lmlj"
Proof This follows immediately from the uniqueness of the index set J in the representation of C-subgroups in Proposition 4.3. I Proof. We may assume that H k> ... >Hi> 1 is achainin K(G) such that H~ = G. The concept of the complements of the commutator subgroup which are C-subgroups is equivalent to the concept of infiltrated complements introduced by Th6venaz in [Th] . We are grateful to J. Th6venaz for pointing out an error in a previous formulation of Remark 4.10.
COROLLARY 4.5. Let M be a complement of the minimal normal subgroup N of the group G. Then for a C-subgroup H of G we have either N < H or N c3 H = 1. In the first case H A M is a C-subgroup of M.
For the formulation of the following theorem we recall that NS k-1 and S k are homeomorphic spaces. The result given in the theorem implies the results in [Th] about the representation of G on the homology groups of I CA(G)°I.
THEOREM 4.11. Let G be a group. If A(G) is not complemented then A(G) ° is G-contractible. If A(G) is complemented and ilk is the length of a \/c S k-2 Here chief series then A(G) ° is G-homotopy equivalent to --x~A(a) x • A(G) is as a G-set isomorphic to the sum of c(G) copies of the coset space G/H c for a complement H 6 of the commutator subgroup G' which is a C-subgroup.
Proof. If A(G) is not complemented then by [K-T, Proposition 4.13]
there is a normal subgroup N which is not complemented. Therefore by Corollary 2.4 the poset A(G) ° is G-contractible.
Hence we may assume that A(G) is a complemented lattice. Now let N 1 be the minimal normal subgroup in the chief series ~'. If M is a complement of N then A(M) ~-A(G/N). Since N is a C-subgroup the lattice A(M) is complemented. By induction hypothesis we know that
If M is a normal subgroup of G then M is centralized by N. This shows that A(M) can be regarded as a G-set and the G-homotopy type of
Hence Proposition 
DIRECT PRODUCTS OF FINITE GROUPS
In this section we wish to investigate the G-homotopy type of A(G) ° when G is the direct product of two non-trivial groups U and V. [/M and [ CA(G) Using the result of the previous lemma we write V~ for the complement {(4~(v), v)lv ~ V} of U × 1 in G determined by ~b ~ HOM(V, U). Before we can state some results about the G-homotopy type of direct products we have to restrict ourselves to a special class of products. Following Hawkes [Ha, Definition 2.1] we call a group U weakly V-free if IHom(V, Nu(r)/r)[ = 1 for all 1 4~ r _< g.
LEMMA 5.1. Let N be a non-trivial normal subgroup of a group G and let M be a complement of N. Then for a chain H 1 < • •. < H n in A(G) < M and an element g ~ NG(M) there is an m ~ M such that Hi g = Hi m. In particular (i) A(M)°/M and (A(G)<M)°/NG(M) are isomorphic and,
(ii) [ CA(M) o
LEMMA 5.3. Let G = U x V be the direct product of two non-trivial groups U and V. Let U be weakly V-free and let V 6 be a complement of U x 1 in G. Then the mapping ( A( G)>-v~ A(U)>_6(v)
is a lattice isomorphism. Furthermore for (u,v) E NG(V6) we have T(H (u'v) 
Proof. This is a direct consequence of [H-I-O, Lemma 8.3]. I
Immediately we obtain the following proposition.
PROPOSITION 5.4. Let G = U X V be the direct product of two non-trivial groups U and V. Let U be weakly V-free and let V 6 be a complement of U x 1 in G. Then one of the three following cases holds:
x V. Here A(G)>v ~ is U-isomorphic to A(U) and A ( G ) ~ v6/ NG( V4~) is isomorphic to A ( U ) / U.
ii) q5 is not surjective. Then 4~(V) x V is the smallest element in ( A(G) > v+) ° and (A(G) > v~) ° is NG(V6)-contractible. (iii) q5 is surjective and (A(G)>v+) ° is empty.
THEOREM 5.5. Let U be weakly V-free and let A be the set of complements of U x 1 in G = U x V.
Hence the result follows from Proposition 5.4 and Proposition 2.5.
(ii) Before we can apply Proposition 2.5 we have to check condition Proof. This follows immediately from Theorem 5.5 and Proposition 2.7. |
SOME EXAMPLES FOR FINITE SIMPLE GROUPS
Since direct products of solvable groups are solvable, the results of the preceding section become useful only when we can analyze the G-homotopy type of finite simple groups. Here we cannot present any general result, but we analyze some cases which will hopefully give some insight into what could happen. All results about G-contractibility, which cannot be derived from the theorems of Section 2, were checked by computer. In order to formulate the problem algorithmically and reduce the amount of computation, such that it will become suitable for computers, we proceeded as follows. Using Theorem 2.2 we remove by hand as much as possible from the investigated poset P. Then we apply the computer to prove a G-equivariant version of combinatorial collapsibility [G1] for CP.
As collapsibility implies contractibility, we have chosen the definition of G-collapsibility such that it implies G-contractibility. DEFINITION 6.1. Let K, K' be two simplicial complexes on which a group G acts as a group of simplicial automorphisms. (ii) We say that K is G-collapsible if there is a sequence of elementary G-collapses which starts in K and ends with the empty complex.
Note that if K = CP and or = {x 1 < ... < Xr} is a chain in the poset P, then condition (a) of Definition 6.1 (i) is always satisfied.
We -T] for computations of the homology groups). Again the homotopy equivalence cannot be G-equivariant. We return to the alternating groups An, n > 5. The case n = 5 has been investigated above.
Next we turn to n = 6. By A we denote the set of subgroups of A 6 which are isomorphic to A 5. The poset A(A6) ° -A is A6-contractible. By
Proposition 2.7 one shows that A(A6) ° is A6-homotopy equivalent to a wedge of 12 copies of suspensions of spaces As-homeomorphic to that in The case n = 7 is a little bit more difficult. Here we collect in the set A all subgroups isomorphic to A 6 and all subgroups H isomorphic to A 5 which act transitively on the set of 6 letters permuted by A 6 _> H. The poset A(A7 )° -A is A7-contractible. But here we cannot apply Proposition 2.7 since A is not an antichain. We use an equivariant version of a theorem of Bj6rner (private communication) which generalizes the classical version of Proposition 2.7 to the case where A is a convex subposet (one can use some elementary argumentation here as well, since the convex subset in consideration is very simple). Thereby we show that A(A7 )° is Ay-homotopy equivalent to a wedge of 7 copies of suspensions of spaces A6-homotopic to A(A6) °. Dividing out the action of A 7 we obtain a 3-sphere. Again A(A7)°/A7-A/A 7 is contractible. Applying the theorem of Bj6rner mentioned above we show that A(A7)°/A7 is 
I-~(A(G)) = JG']" Iz(A(G)/G) does not hold. Note that this equation
holds for all other groups we have investigated above and in previous sections. 
